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SUMMARIES 
In the ancient Egyptian and Greek arithmetical tra- 
ditions, computations with fractions typically resorted 
to the mode of unit-fractions. The present study ex- 
amines the principal documents extant from these tradi- 
tions to determine the computing techniques there used. 
Recent writers have debated the alleged esthetic cri- 
teria underlying the Egyptian computations; by contrast, 
B. L. van der Waerden has stressed the purely technical 
character of these computations. Although the Greek 
evidence is rarely brought to bear on this question, 
the present study seeks to show that this evidence 
strongly upholds van der Waerden's position. In itself 
the Greek tradition is notably ambivalent, on the one 
hand revealing continuity with the more ancient Egyptian 
technique of unit-fractions, but on the other hand making 
frequent use of the general manner of fractions, equiv- 
alent to that familiar in modern school arithmetic. 
Through comparison of the various stages of the ancient 
computational tradition, one can discern different 
strata corresponding to differences in the time and 
manner of contact between the Greek and the Egyptian 
traditions. 
Bei den alten Aqyptern und Griechen haben die Briiche, 
die in Rechnunqen vorkommen, qewl)hnlich den Zahler Eins. 
Hier werden die wesentlichen, in der antiken Uber- 
lieferunq erhaltenen Dokumente betrachtet, urn ihre 
technischen Methoden zu bestimmen. Einiqe moderne 
Fachleute haben sich darum bemiiht, die den sqyptischen 
Rechnunqen vermutlich unterlieqenden Zsthetischen 
Kriterien herauszuarbeiten. Im Geqensatz dazu hat B. L. 
van der Waerden die rein technische Art dieser Rechnunqen 
betont. Obwohl man selten die qriechischen Materialien 
zu dieser Fraqe betrachtet, werden diese hier benutzt, 
woraus man erkennt, daf3 die Ansicht van der Waerdens qe- 
rechtfertiqt wird. Bemerkenswert ist es, daC( die 
qriechische Rechentechnik zweideutiq ist: sie ist 
eine direkte Fortsetzunq der dlteren Zqyptischen 
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Technik des Teilerrechnens, aber qleichzeitiq verwendet 
sie oft die allqemeinere Art, die man heute in der 
Schularithmetik findet. Wenn man die einzelnen Stufen 
der antiken Rechnunqsiiberlieferunq verqleicht, so 
findet man Unterschiede zwischen ihnen, die der Zeit 
und der Art des Kontaktes zwischen den 2qyptischen 
und qriechischen Traditionen entsprechen. 
Dans l'ancienne Eqypte et en Grece, les calculs 
arithmetiques impliquant des fractions reposaient tra- 
ditionnellement sur la manipulation des fractions 
unitaires. . Cette etude vise, par l'analyse des prin- 
cipaux documents issus de cette tradition encore 
existants, 2~ determiner les techniques alors employees. 
Recemment, un debat s'est ouvert autour d'une conjecture 
voulant que des critbres esthetiques sous-tendent les 
methodes eqyptiennes de calcul; par contraste, l'approche 
de B. L. Van der Waerden s'appuie sur les caracteris- 
tiques purement techniques de ces calculs. La tradition 
qrecque n'est jamais exploitee dans l'etude de cette 
question; toutefois, comme nous tentons de le montrer 
ici, elle apporte un ferme soutient a la these de Van 
der Waerden. Cette tradition est en elle-m&me ambiva- 
lente, d'une part se revelant en continuite avec les 
manipulations eqyptiennes des fractions unitaires, 
mais d'autre part faisant souvent usage de methodes 
plus versatiles et plus proches de celles familikres 
dans l'arithmetique scolaire moderne. 
* * * * * 
The subject-matter of [logistic] is all things which 
can be numbered; its branches are the methods called 
Greek and Egyptian for multiplication and division 
and the summation and separation of parts (maria). [ll 
In this and several other such passages Greek writers acknowl 
edged their debt to the ancient Egyptian arithmetical methods 
[21. The reference here to "parts" (moria) is noteworthy, in 
that by using the standard term for proper measuring parts, or 
submultiples of the unit, the writer appears to allude to the 
manipulation of unit-fractions. A technique of precisely this 
sort dominates the computations with fractions found in the 
ancient Egyptian papyri--most notably, the Rhind Mathematical 
Papyrus--and despite the passage of over two millennia is still 
to be found in late Greek papyri from the Graeco-Roman and 
Byzantine periods. This is perhaps the most striking of several 
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evidences of the continuity of the Egyptian and Greek technical 
traditions, all the more impressive in view of the fact that 
the availability of the Mesopotamian sexagesimal mode, from at 
least the second century B.C. on, fail.ed to displace the cumber- 
some and limited Egyptian mode, save in the context of astro- 
nomical computation [3]. Thus, despite the undeniable influence 
of Mesopotamian techniques, especially in the fields of elemen- 
tary and metrical geometry and astronomy, our sources must be 
taken seriously when they affirm their debt to the Egyptian 
tradition [4]. 
As far as the use of unit-fraction methods is concerned, the 
agreement between the Egyptian and Greek approaches is apparent. 
Yet rare is the study of these methods which attempts to probe 
the relation of the two traditions, to determine, for instance, 
whether they shared the same underlying computational.procedure, 
or whether the later texts reveal signs of greater technical 
sophistication [5]. Complicating an investigation of this type 
is the fact that several recent studies have proposed a variety 
of rationales for the unit-fraction computations of P. Rhind. 
In effect, their authors seek to articulate quasi-esthetic 
criteria which the ancient scribes followed in selecting from 
among the dozens of possible alternative solutions [6]. A far 
more plausible approach has been adopted by B. L. van der Waerden, 
who bases his account on the computational procedures evident in 
the papyrus itself [7]. 
Comparisons with the later Greek papyri confirm the latter 
approach. Not only has much the same procedure led to the values 
in the Greek documents, but also the presence of two or more 
different expressions for the same fractional value seriously 
undermines the hypothesis that esthetic considerations were 
important for the scribes' hitting upon the listed values. What 
I shall do in the present study is review briefly the computa- 
tional methods of P. Rhind and then show how these persist with 
certain modifications and elaborations in the Greek papyri. My 
findings are recapitulated in Section V, and extended extracts 
of numerical data from the principal ancient documents are listed 
in the tables in the Appendix. 
I. THE SO-CALLED 2/n TABLE IN P. RHIND 
Interpretations of the opening section (commonly called the 
“2/n table") of the Rhind Papyrus have drawn R. J. Gillings into 
a debate with critics [Gillings 1972, Chaps. 6-7, 10; 1978; 
Bruchheimer & Salomon 1977; Bruins 19751. The issue centers on 
the method by which the scribe of the Papyrus expressed frac- 
tions of the form 2/n (for n odd) as sums of unit-fractions. 
Since there are in all cases many ways of doing this, what con- 
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siderations led to the choice of the value preserved in the 
Papyrus? Expressed in this way, the question leads readily to 
the formulation of rules of some sort affecting the choice, so 
that the scribe, presumably aware of many possible decompositions, 
was thereby able to single out the "best" one. 
I believe this misconstrues the nature of the document and 
its production. The numbers in the Papyrus do not form a table, 
but rather are a set of division problems in which 2 is to be 
divided in succession by the odd numbers from 3 to 101. It 
results from the method of division used that the quotient is 
given as a sum of unit-fractional parts. Moreover, enough detail 
is provided in most instances for us to see precisely what the 
computational procedure is. 
There are two methods, depending on whether n has proper 
divisors or not. For prime n, the scribe first sets down two- 
thirds or half of n , then takes successive halves of this part 
until the quotient has become less than 2. (An exceptional case 
is 2/59, where the lead term is 36'; also, the scribe later ad- 
mits division by 10 (see below).) He thus obtains as the first 
term in his answer 3' (that is, l/3), 6', 12', 24', etc., or 
alternatively, 4', 8', etc.* He then seeks those additional 
fractional parts which must be added to this quotient to bring 
it up to 2. In Table I in the Appendix I have given the final 
quotient for each case. The following examples for the division 
by 5, 7, 13, and 19 reproduce the steps actually listed in the 
Papyrus and so reveal the method of computation [8]: 
15 17 1 13 1 19 
3" 3 3' 5 3 
/ 42' 1 
4 G 6 G! 3" 12 3" 
/ 3' 1 3" & 4' 4' 3 4' 3' 6 3' 
/15' 3' /28' 4' / 8' 1 k 8' 3 6' 
/ 52' 4' ,1;: 1% 
/104' 8' / 76' 4' 
/114' 6' 
2' 
In the process of 'complementation" of the quotient up to 2, the 
scribe utilizes a variety of unit-fraction identities, such as 
l/2 l/2 = 1, 4' 4' = l/2, 8' 8' = 4', etc.; 3" = l/2 6' and from 
it 3' = 4' 12', 6' = 8' 24', etc.; l/2 = 3' 6' and from it 4' = 
6' 12', etc. Among other identities implicit in his computations 
are 4' = 5' 20', 5' = 6' 30', 6' = 7' 42', 7' = 8' 56', and 
others derived from these (e.g., 8' = 10' 40'). A leather roll 
preserved from ancient Egypt lists 26 such identities, many 
* In writing 5', Ci', etc., for l/5, l/6, etc., I use a notation borrowed from 
the Greek papyri, but identical in spirit with the Egyptian. The papyri use special 
svmbols for one-half and two-thirds, for which I adopt the notations l/Z, 3". respec- 
tively. The sum of such terms is indicated merely by juxtaposition; e.g., l/2 4" 
signifies l/2 + l/4, or 3/4. See Heath 11921 I, 41-441 for details. 
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agreeing with those implicit here in P. Rhind, so that this 
view of the scribe's method of complementation is confirmed [9]. 
(See Table II.) 
Once the fractional parts needed to complement the partial 
quotient to 2 have been determined, the corresponding parts of 
the unit may be produced to complete the quotient. For instance, 
in the computation of the parts of 7 the scribe needs 4' to com- 
plement 1 l/2 4' (which is 4' of 7) up to 2; the corresponding 
part of the unit is 28' to yield the complete quotient 4' 28'. 
Similarly, in the case of 13 the partial product 1 l/2 8' is 
complemented to 2 by the addition of 4' 8', corresponding to 
the parts of the unit 52' 104', respectively. 
Beginning with the computation for 31, and commonly there- 
after, the scribe varies the procedure by initiating the sequence 
with the tenth part, then taking the half or the third of this, 
followed by successive halves. In this way he obtains 20', 40' 
or 30', 60' as the leading term in his quotient. In the follow- 
ing examples I have set in square brackets those steps not 




[ 10' 3 10’1 [ 4 g 5'1 7 10'1 
/ 20' 1 &e 20' / 30' 1 + 15' /40' 1 $ 4' 40' 
/124' 4' /141' 3' /568' 8' 
/155' 5' /470' 10' /710' 10' 
In these instances, the complementation is evident through use 
of the identities 20' 5' = 4', 15' 10' = 6' and 40' 10' = 8', 
respectively. 
The cases for 43 and 97 are unusual in that their leading 
terms (42' and 56', respectively) do not fall in the primary 
sequence, but signify an intermediate division by 7. The texts 
in P. Hind are as follows: 
43 97 [l 97 r1 97 
/ 4:' 1 42' 14 8' 14' 28' 8' 12 8' 4' 24 4' 
/ 86' 2' /679' 7' 56' 1% 7' 14' 56' 28' 3 7' 4' 28' 28' 
/129' 3' /776' 8' 1 4 8' 14' 28'1 3 4' 7' 14' 
/301' 7' 56' 1 & 8' 14' 281 
In the case of 43 complementation is easily effected via the 
identity 42' 7' = 6'. The procedure for 97 is a bit more com- 
plicated. In the bracketed section I show how 56' of 97 might 
be obtained by taking (a) the seventh of its eighth; or (b) the 
half of the seventh of its fourth. Both result through the 
standard Egyptian method of division; but (a) requires adjust- 
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ment via the identity 7' = 8' 56', while (b) produces the text 
value directly. In either case, complementation is effected 
via the identity t7' 14' 28' = 4' [lo]. In this way the scribe's 
computational procedure is evident, even if his decision to 
divide by 7 is not. Application of the standard method to 43 
produces the quotient 24' 344' 516' (or, alternatively, 30' 
86' 645'), so that it is difficult to perceive any special ad- 
vantage in the variant method adopted by the scribe. Similarly, 
as the cases of 73, 79, 83, and 89 each work toward the leading 
term 60', one would have expected the same in the case of 97. 
This yields the quotient 60' 291' 1940' (or, alternatively, 60' 
485' 970' 1164') via the addition of 3' 20' (or 5' 10' 12') in 
complementation. Neither is as compact as the scribe's value 
56' 679' 776', so that his ploy of dividing by 7 seems to have 
paid off here. 
Only the procedure for the division of 2 by 101 is entirely 
exceptional. The scribe's result of 101' 202' 303' 606' is 
both obvious and disappointing. Following this pattern, one 
could express any such division as a four-term sum. If the 
scribe had persisted in the usual method, he would have worked 
out the quotient 60' 404' 1515' (via the addition of 4' 15' to 
complement). One might suppose that he was reluctant to admit 
such large denominators. But if this is the case, he is fighting 
the inevitable. For as the divisors increase in size, any re- 
striction to small numbers (say, below 1000) will eventually 
become untenable. 
For the cases of composite n, a modification of the pro- 
cedure is introduced: one of the proper parts (usually the 
greatest) is taken before the standard sequences of parts are 
computed. Thus, the division here is in effect reduced to one 
of those already listed. For instance, 
1 15 1 21 1 49 1 65 1 95 
[5' 31 [7' 3 1 [7' 71 113' 5 I r 5' 19 1 
/lOI 1 + /14' 1 4 /28' 1 + 4' /39 ' 1 3" /60' 1 $ 12' 
/30' 4 /42' 4 /196' 4' /195' 3' /300' 4' 
/570' 6' 
Thus, for 65 the scribe first removes the factor of 13 to ob- 
tain 5. From here he can follow the procedure already used 
in the division of 2 by 5: he takes the third part of 13' 
(= 39'), which results in the partial quotient 1 3", and then 
complements this to 2 by the addition of 3' (corresponding to 
195'). I believe it is such a computational correspondence 
which accounts for the compatibility of the results for 5 and 
65, rather than through the application of a formulaic pro- 
cedure, like 2/65 = 13'(2/5) = 13'(3' 15'). 
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A minor deviation occurs with 95. Here the scribe removes 
the smaller factor of 5, completing the computation according 
to the procedure for 19. But we should have expected him to 
remove the larger factor 19, as he does in the other cases, and 
then complete the process as for 5, to obtain the quotient 19' 
57' 285'. But either way, the procedure is evident. By con- 
trast, Gillings finds this case especially problematic, as his 
proposed criteria for the selection of solutions make 60' 228' 
the expected entry [Gillings 1972, 681. (Note, similarly, that 
2/55 is given as 30' 330' (reduced to 2/11) instead of as 33' 
165' (by reduction to 2/5).) From what we have seen, however, 
it is apparent that no simple manner of complementation could 
produce the term 228' in this case. 
Only two cases adopt a different procedure: 
,3:' 1 35 6' 91 1 5' 10' 
/42' 3" 6' /130' 3" 30' 
The scribe explicates his method in the former case: "For 35' 
applied to 210 gives 6, and 2 times 6 is 12, or 7 and 5, which 
are 30' and 42' of 210" [Rhind Mathematical Papyrus, Chace and 
Manning, eds., 1927 II, 531. Apparently, he begins with the 
factors of 35, observing that the sum of 7 and 5 is 12, and 
that the sixth part of this yields the desired value of 2. 
Thus, the quotient must be the sum of the sixths of the respec- 
tive parts, i.e., 30' and 42'. His derivations of the latter 
entail taking 7' and 5' of 210 (= 6 x 35). By analogy, the 
procedure for 91 involves recognizing that its factors 7 and 13 
sum to 20, from which the desired value of 2 would result from 
taking the tenth. He would thus form 910, of which 13 and 7 
are 70' and 130', respectively. In principle, this variant 
procedure makes accessible a wide range of alternatives in the 
case of composite divisors. We shall see a number of inter- 
esting elaborations on it in the Greek papyri. Indeed, one 
wonders that the Egyptian scribe did not invoke it more fre- 
quently. For instance, in the case of 95, whose divisors 5 
and 19 sum to 24, one may introduce the auxiliary factor 
12 X 95 to obtain the quotient 60' 228'. The fact that he 
does not proceed in this way here indicates, not a failure to 
apply esthetic criteria correctly, as Gillings would maintain 
[Gillings 1972, 681, but rather the availability of a number 
of different approaches to follow, of which any one will pro- 
duce a viable result. 
Thus, the divisions presented in P. Bhind reveal, not the 
application of esthetic rules for choosing among solutions, but 
the consistent use of a particular computational procedure. 
Among the prime divisors, only 43, 97 (where an unusual division 
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by 7 is introduced), and 101 deviate from the standard pattern, 
and of the composite divisors, only 35 and 91. The procedure 
does not yield unique solutions, but rather allows a certain 
degree of latitude. For instance, one has at least four se- 
quences from which to choose the leading term of the quotient 
(e.g., 3", 3', 6', 12', etc.; l/2, 4', 8', etc.; lo', 20', 40', 
etc. ; and lo', 30', 60', etc.). Indeed, alternative forms have 
survived; for instance, Neugebauer reports an ostracon on which 
the division of 2 by 7 is given as 6' 14' 21' [Neugebauer 1957, 
92-931 ; here the scribe found that 6' of 7 is 1 6', and then 
complemented to 2 by adding l/2 3', corresponding to 14' 21'. 
This contrasts with P. Rhind, where the scribe first works out 
4' of 7 and then completes the quotient by the addition of 28'. 
We have seen a similar flexibility in the treatment of composite 
divisors. Any of these could have been solved by the same method 
used for the prime divisors; but instead a variation is intro- 
duced involving the removal of factors, so that the computation 
is markedly simplified. 
It is precisely in his repeated application of the compu- 
tational procedure that the scribe reveals his distance from 
a modern view of the problem. Had he been searching for the 
most efficient or elegant way of expressing the quotients, he 
would surely have come to recognize the relation 2/m = l/n + 
l/rim (for m = 2n - l), producing a two-term value in all cases. 
As it happens, his values agree with this relation only for 
m = 5, 7, 11, and 23, and then, of course, only by accident. 
The cases of 19, 29, 31, 47, 59, 71, and 79 are thus of par- 
ticular interest, as this rule yields here values not only 
simpler than those given in the Papyrus, but also accessible 
(indeed, expected) under the application of the scribe's pro- 
cedure; for in each case, the leading terms (e.g., lo', 15', 
16', 24', etc.) fall within the sequences of parts he considers. 
Thus, the scribe's project is best understood as the working 
out of a set of problems in accordance with a general computa- 
tional procedure, rather than as the search for an ideal solu- 
tion for this particular set of problems. 
II. UNIT-FRACTIONS IN GREEK PAPYRI 
Representing the late Greek tradition of elementary arith- 
metic are three noted papyri: the Papyrus Akhmim and two 
others, now held in the Michigan Collection. Recovered from 
sites in Egypt, the papyri have been dated on paleographical 
grounds to the second and fourth centuries A.D. in the case of 
the Michigan papyri and to a much later period, probably the 
seventh or eighth century, in the case of P. Akhmim [ll]. In 
all three, divisions effected via unit-fractions play a prom- 
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inent part. Indeed, P. Mich. 146 consists entirely of a frag- 
ment of a table of quotients, duplicated almost entry for entry 
in the opening section of P. Akhmim. The latter goes on to 
present fifty arithmetic problems, many solved via techniques 
comparable to those implicit in the table, although the values 
actually worked out in the problems do not always agree with 
those listed in the table. (See Tables III and IV in the Appen- 
dix.) 
P. Mich. 145, like the other two, also contains a table 
listing the quotients of division in terms of unit-fractions. 
But it is highly fragmentary and does not allow of direct com- 
parison with the others, since it is unique in its considering 
cases with denominators 23 and 29 alone. Nevertheless, it 
betrays a computational method comparable to that used in P. 
Hhind. For instance, its values for 23' of 2, 3, 4, and 5 
have leading terms, respectively, of 12', lo', 6', and 6', 
which, as we have seen, all fall within the primary sequences 
examined by the Egyptian scribe. Moreover, in both the Egyptian 
and Greek cases the computer tends to seek the largest such 
unit-fraction possible (that is, the smallest possible denom- 
inator in the sequence) to start off, although exceptional 
cases are to be found [12]. Of the rest of the table in the 
Greek papyrus, only six entries from the sequence of twenty- 
ninths remain: from 12 through 17. Here again, the lead terms 
41, 31, and l/2 all occur within the primary sequences, as well 
as being in all cases but one the greatest possible primary 
term. The exception occurs at 14, where the lead term is 4' 
instead of 3', the lead term of the preceding entry. Further, 
one must surely be amazed by the remarkably inefficient manner 
of computation implicit in his values for 13 and 14. I produce 
below specimen computations leading to the values he gives for 
these two cases, and then by 13* and 14* two procedures leading 
to simpler alternative values. (One should note that the scribe 
lists only the results, without specific indication of the 
computing procedure.) 
13: 1 29 
4 14 % 
/ 3’ 9 & 6’ R: 33’ 
/ 15' 1 3" 5' 15' R: 1 3' 15' 
/29' 1 
/ 87’ 3’ 
/435’ 15' 


























9 % 6' 
3 6' 18' 
9 
29 
9 + 6' 




R: 6 G 4' 




R: 3' 4' 8' 
The computational procedure underlying P. Rhind thus leads 
naturally to the values listed in P. Mich. 145, even if the 
scribe's reasons for carrying the calculation through in the 
manner he did are not entirely clear. One notes that the 
entries appear to have resulted through such a computational 
procedure, for each separately, rather than through a method 
of adding a unit-fractional part (here, 23' or 29') to one 
entry in order to obtain the next after a combination of terms. 
For both the entries for 12 and 13 contain 29' among the parts. 
Moreover, the mere addition of 29' to the entry for 13 could 
hardly have yielded a value for 14 in which the lead term 4' 
was less than the term 3' which leads 13. 
The introductory section of P. Akhmim is a table of the 
results of divisions expressed in the unit-fractional mode. 
It opens with a list of two-thirds of each number in the series 
6000, 1, 2, 3, . . . . 10, 20, 30, . . . . 1000, 2000, 3000, *.., 
10,000 [131. The next block lists the thirds of the same num- 
bers; the next their fourths; and so on through their tenths. 
At this point the structure of the table changes: the elev- 
enths are listed only for 6000, 1, 2, 3, . . . . 11; the twelfths 
only for 6000, 1, 2, 3, . . . . 12; and so on through the twen- 
tieths. P. Mich. 146 presents the same table, albeit in a 
truncated version; for it begins with the seventh of 1000 and, 
having then run through the same sequence as P. Akhmim, ends 
abruptly with the end of the eighteenths column and the heading 
of the nineteenths. Otherwise, the two papyri agree not only 
144 Wilbur Knorr HM9 
in their structure, but also in the actual values given for 
each entry. Robbins lists only 33 discrepancies between them, 
of which about half represent correct alternative values, the 
others being scribal errors in one or the other papyrus [Robbins 
1936, 581. 
Table IVa lists from P. AkhmTm the entries m/n for m = 2 
through n - 1 and n = 4 through 20, and Table IVb indicates 
where it differs from P. Mich. 146. Of the missing portions 
from the latter, the values for the sevenths may be recovered 
from the extant entries for the sevenths of 1000 through 6000 
(e.g., 7' of 1000 is given as 142 l/2 3' 42', so that 7' of 6 
is l/2 3' 42'); the values so obtained are consistent with those 
listed for the fourteenths of the even integers. Similarly, 
the fifths may be recovered by examination of the entries for 
tenths and fifteenths, these again being consistent with each 
other. In general, when P. Akhmim considers a ratio not in 
lowest terms, the listed value agrees with that for the ratio 
in reduced terms (the only exception being 14/18, whose listed 
value of l/2 4' 36' differs from that for 7/9, viz. 3" 9'). 
The same applies in the case of P. Mich. 146 (where, here, the 
values for 14/18 and 7/9 are identical, viz. 3" 9') [14]. It 
is significant that this is true even where the two papyri hap- 
pen to differ from each other. For instance, in P. Akhmim the 
entries for 4/5, 8/10, and 12/15 are all l/2 4' 20', while in 
P. Mich. they are all 3" 10' 30' [15]. Similarly, P. Akhmim 
lists 3' 14' 42' as the value for both 3/7 and G/14, while 
P. Mich. lists them both as 3' 15' 35'. Thus, the papyri 
attest independently that entries not in lowest terms were 
found not by a new computation, but by reference to the prior 
appearances. 
The implicit computational procedure of the papyri agrees 
with what we have seen from the survey of P. Rhind and P. Mich. 
145. Entries are produced by separate computations in which 
the first term of each is the largest possible standard part 
(e.g., lo', 8', 6', 4', 3', l/2, 3", or l/2 4') and the rest 
are worked out through the process of complementation. Among 
the few exceptions one may note 3/14 (P. Mich.: 7' 14'; P. 
Akhmlm : 5' 70') and 2/13 (7' 91' in both) 1161. The latter 
is of interest in that the Greek papyri here diverge from P. 
Rhind, which lists 8' 52' 104', the value we should have ex- 
pected from the standard method [17]. Another discrepancy 
occurs in the case of 2/19, where the Greek papyri give 10' 
190' in contrast with the Egyptian value of 12' 76' 114'; here, 
both reveal application of the standard method of computation, 
since both 10' and 12' are in the primary sequence of lead 
terms. Otherwise, in the values for the division of 2 by 5, 
7, 9, 11, 15, and 17, the three papyri are in agreement. 
Save for mere scribal error, the remaining discrepancies be- 
tween the two Greek papyri result either from the failure of 
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Plate II. From P. Michigan 146: portions of a table of 
unit-fraction expressions. The first column (only partially 
visible) lists sevenths; the next two columns eighths; the next 
three columns ninths; and the last tenths. For selected 
entries, see Table IVb. (Printed by permission of the 
Library of the University of Michigan.) 
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Plate III. A section of P. Akhmim [Baillet 1892, Plate III 
listing successive multiples of 3" (col. l), 3' (cols.l-2), 4' 
(cols,2-3), 5' (cols.3-4), 6' (col. 4), 7' (col. 5) and 8' (cols. 
5-6). For selected entries, see Table IVa. 
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P. Mich. to choose the largest lead term, instead carrying for- 
ward the lead term of the preceding entry (i.e., 3/10, 3/14, 
S/14, 4/15, 8/15, 3/18), or the tendency of P. Mich. to prefer 
the lead term 3" (= l/2 6') where P. Akhmlm starts with l/2 4' 
(i.e., 4/5, 9/12, 10/13, 14/18) (181. The sequence of tenths 
enables comparisons among the three papyri [19]: they agree for 
2, 4, 5, and 6; the Greek agree on 7/10 (= l/2 5') and 9/10 
(= l/2 3' 15') in contrast with the Egyptian (3" 30' and 3" 5' 
30', respectively); but in the cases of 3 and 8, P. Rhind and P. 
Mich. agree (5' 10' and 3" 10' 30', respectively) in contrast 
with P. Akhmim (4' 20' and l/2 4' 20', respectively). These 
comparisons point to a certain small degree of latitude within 
a tightly structured computational mode. 
,An anomaly occurs at the entry in P. Akhmim for 3/19. One 
would have expected a value with a lead term of 8' under the 
standard method (e.g., 8' 38' 152'); instead, the value 15' 20' 
57' 76' 95' is given, despite the appearance of the smaller lead 
term 10' in the entry for 2. Similar anomalies emerge in the 
entries for the seventeenths of 3 and 4. Both Greek papyri list 
12' 17' 51' 68' for 3/17, which is readily understood as influ- 
enced by the computation for 2/17 (i.e., 12' 51' 68'), although 
the value 6' 102' would be expected (indeed, the value 3' 51' 
for 6/17 later reflects the standard procedure). The pattern 
persists at 4, where the listed entry in I). Akhmim :is 12' 15' 
17' 68' 85' [20]. Despite the appearance of the term 17', this 
has not been formed from 3/17 by the addition of 17', since the 
entry for 3/17 itself contains the term 17' [21]. It must thus 
result from a separate computation. But why the scribe did not 
follow the usual procedure, which would have produced the value 
6' 17' 102', for instance, is not clear. 
More striking than the appearance of these anomalies at 
3/17 and 4/17 is the fact that the two Greek papyri here plainly 
agree. Thus, despite their wide separation both in time and, 
presumably, also in place, the two papyri represent efforts 
within the same textual tradition, as well as within a uniform 
computational tradition. This was already evident to a large 
degree in the identical organizations of the tables of fractions 
in the papyri. But the agreement in detail, almost entry for 
entry, is now seen to follow through a textual dependence of 
some sort. The later papyrus, P. Akhmim, cannot be viewed 
merely as a recopying of texts derived ultimately from P. Mich.; 
for the two nowhere agree on an incorrect entry, while each 
has its own share of scribal errors. Now, in several instances, 
the incorrect values in P. Mich. suggest computational errors: 
e-g., at 8/13, 12/13, 11/14, 10/15, 11/15, 4/17, 11/17, and 
15/17. While listing correct values in these instances, P. 
Akhmim appears to follow the computational procedure used in 
P. Mich., even where that might be unusual, as we saw for 4/17. 
Thus, it seems to me probable that P. Akhmim was produced as a 
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corrected version of a table quite close to that in P. Mich. 
The fact that the two papyri occasionally present different, 
but correct, values for the same fraction indicates that P. 
Akhmlm is working from a modified document, as compared with 
P. Mich. One cannot specify the source or motive of these modi- 
fications: were they part of a document antedating P. Mich. or, 
perhaps more likely, the result of changes by later editors, for 
instance, by the scribe of P. Akhmim himself? This much is 
clear: the scope of such editorial intervention is extremely 
slight. The two Greek papyri attest to a remarkable continuity 
of textual and computational tradition spanning at least three 
centuries in late antiquity and founded on the arithmetic pro- 
cedures already well established among the Egyptians almost two 
millennia earlier. 
III. FURTHER EVIDENCE IN P. AKHMIM 
Beyond the table of divisions we have just examined, P. 
Akhmlm presents a series of computational problems, some dealing 
with elementary relations of geometric figures, others considering 
situations of applied arithmetic (e.g., in problems of interest), 
and others requesting the solution of purely computational prob- 
lems. Of the fifty problems in this part of the papyrus, twenty- 
six fall within this third category, and of these all entail 
computations of unit-fractions [22]. The procedures for solving 
these problems typically refer to the results listed in the pre- 
ceding table of fractional values, but never actually perform 
a decomposition according to what we have called the standard 
procedure. Instead, new decompositions are worked out by means 
of free manipulations of the factors of the divisors. 
Consider, for instance, problem 23: to multiply 5' by 4' 
28'. The scribe first rewrites the second multiplier as 2/7 
(through reference to the table) and then reduces the problem 
to that of dividing 2 by 35. He notes that 7' and 5' of 35 
sum to 12, of which 6' yields the desired value 2; thus, the 
answer is 42' 30'. One cannot fail to recognize here a method 
based on that underlying the value for the same problem 2/35 
(as well as for 2/91) in P. Rhind. While in the context of the 
Egyptian papyrus, these values were unusual, it is clear that 
the method used to obtain them persisted in the ancient arith- 
metic tradition. Indeed, many of the other problems in P. 
Akhmim depend on elaborations of this procedure. 
One class of problems in P. Akhmem poses that the calculator 
decompose (chZrison) a given fraction into a specified number 
of unit-fractional parts (maria). (The procedure of ch&-ismos 
is posed in problems 16, 19, 20, 50.) For instance, in No. 16 
the fraction 22' is to be expressed as the sum of three parts 
The scribe raises the terms, seeking instead to express 5 as 
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parts of 110. Since 55' of 110 is 2, the remainder to be ex- 
pressed as parts is 3. Now, 10' and 11' of 110 sum to 21, of 
which 7' is the desired value 3. Thus, the solution of the 
problem is found to be 55' 70' 77'. 
A virtuoso variation of this type of problem appears in No. 
20: to express the division of 75 by 323 as a sum of eight 
parts. The scribe takes 17' and 19' of the divisor, observing 
that their sum is 36. Of this sum, the half is 18, the third 
is 12, and the fourth is 9. Since these four numbers sum to 
the desired value of 75, he can state the solution 17' 19' 34' 
38' 51' 57' 68' 76'. The element of prearrangement in this 
problem is hardly to be missed. 
In similar fashion, No. 19 requires the expression of 55' 
56' 70' as a sum of four parts. Using the multiple 3080 (= 55 
x 561, the scribe reduces the given sum to the division of 155 
by 3080, that is, of 31 divided by 616. Since 88' of 616 is 7, 
he must thus express the remainder 24 as parts of 616, that is, 
of 3 by 77. He next takes 77', or 1, of this, thus being left 
with 2. The sum of 11' and 7' of 77 is 18, of which 9' produces 
the needed value of 2. The final answer thus becomes 63' 77' 
88' 99'. 
Two more-elaborate applications of this procedure of manipu- 
lating factors appear in problems 39 and 40. The former seeks 
the result of division of 3 l/2 by 88, that is, of 7 by 176. 
The scribe observes that 16' of 176 is 11, of which the triple 
is 33, while 11' of 176 is 16. Since 33 and 16 sum to 49, of 
which 7' produces the desired value of 7, the answer will be 
77' together with 7' of three 16'. The latter term entails the 
division of 3 by 112. Now, 16' of 112 is 7, of which the double 
is 14, while 7' of 112 is 16. As 16 and 14 sum to 30, of which 
10' produces the desired value of 3, the quotient becomes 70' 
together with 10' of twice 16', the latter equaling twice 160', 
or 80'. Thus, the final answer is 70' 77' 80'. Similarly, in 
No. 40 one must divide 9 3" by 119, that is 29 by 357. Now 51' 
of 357 is 7, of which 30 times is 210. To the latter the scribe 
adds 7' of 357, that is, 51, to obtain 261. Since 9' of 261 
gives the desired value of 29, the answer will be 63' together 
with 9' of 30 times 51', the latter equaling the quotient of 
30 by 459, or 10 by 153. The scribe leaves the computation in 
this incomplete state. 
The modern editor of P. Akhmim, J. Baillet, has summarized 
these procedures into two formulas for the expression of terms 
of form ah/c as sums of two terms, one or both of which will be 
unit-fractions ([Baillet 1892, 39, 42f]; cf. [Heath 1921 II, 
543-5451). But the survey we have just given makes fully clear 
that the scribe is not resorting to anything like an explicit 
formula for the solution of these problems; he is applying a 
computational procedure involving manipulations of the factors 
of the divisors. Recognizing this, one becomes aware of the 
150 Wilbur Knorr HM 9 
significant fact that the Greek scribe's procedure of "decompo- 
sition" is but an extension and elaboration of a procedure em- 
ployed in P. Hhind centuries earlier. Thus, the continuity of 
the ancient tradition of elementary arithmetic runs far more 
deeply than Baillet perceives [23]. 
Several of the above problems suggest another aspect of the 
scribe's technique in P. Akhmim: the utter artificiality of 
the unit-fractional mode. Although the problems are invariably 
expressed in terms of unit-fractions and the final solutions are 
given in this same mode, the actual execution of the arithmetic 
operations first introduces their conversion to terms of the 
form a/b. For instance, in No. 40 the mixed term 9 3" is first 
changed to 29/3 before computation continues; in No. 23 the 
given divisor is changed to 2/7; in No. 19 the given term 55' 
56' 70' is first converted to 155/3080 via the common multiple 
55 x 56, and then after the common factor of 5 is removed, 
reduced to 31/616. Consider problem 30, one of ten problems 
posing the subtraction of terms expressed in the unit-fraction 
mode (subtractions are posed in problems 6-9, 12, 14, 29-32): 
to subtract 4' 44' from l/2 4' the scribe first converts the 
terms to 3/11 and 3/4, respectively, then recasts the problem 
as the division of 3 x 11 - 4 x 3 (that is, 33 - 12, or 21) by 
4 x 11 (that is 44). Without presenting further steps, he states 
the value of 21/44 as 3' 11' 33' 44'. In another ten problems 
dealing with the division by terms expressed as unit-fraction 
sums, the procedure is the same (cf. No. 23)(multiplications or 
divisions are posed in problems 13, 17, 18, 21-25, 38-40): first 
reexpress the terms in the general fractional mode, carry out 
the arithmetic operations (as one now would do in modern school 
arithmetic), then state the solution after conversion back to 
the unit-fractional mode. The most elaborate instance of this 
approach is to be found in problem 12: to subtract from 3" 
the nineteen-term sum of unit-fractions 10' 11' 20' 22' . . . 90' 
99' 100' 110'. (The term 80' is omitted from the twenty-term 
sequence indicated.) Combining terms by introducing the multiple 
110, the scribe recasts the subtrahend as 110' of 60 10' 30'. 
The problem is then worked out as the difference of 3" of 110 
and 60 10' 30' (= 13 5') divided by 110, that is, of 66 divided 
by 550. Consideration of the factors of 550 then leads to the 
final answer: 10' 50'. 
Thus, the scribes in the arithmetic tradition of late anti- 
quity present themselves as virtuosi in the art of manipulating 
unit-fractions; yet their very methods reveal this to be a SU- 
perfluous art. How was it possible that they failed to perceive 
this, embellishing these techniques and so distracting from the 
teaching and development of the more general techniques of 
fractions employed within their computations? It may be that 
these three papyri (and the other documents to be considered 
below) are not fully typical of the ancient tradition in this 
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respect. But I see little reason to doubt that they are, and 
that their practice reflects the strong element of conservatism 
implicit in a technical tradition. The unit-fractional mode, 
if unwieldy, was surely adequate for solving arithmetic problems 
of the type given in the papyri. To neglect training in this 
mode would leave the scribe ill prepared to cope with the received 
texts used in the teaching and application of his discipline. 
IV. THE HERONIAN METRICAL TRADITION 
The work of Hero of Alexandria (latter part of the first 
century A.D.) consists mainly of introductions of a practical 
sort into the fields of geometry and mechanics (cf. Hero's 
Mechanica [Opera II] and Metrica and Dioptra [Opera III] ). The 
Metrica is a compendium of geometric results on the measurement 
of plane and curvilinear surfaces (Book I) and solids (Book II), 
and on the manner of dividing such figures in given proportions 
(Book III). Addressing the needs of his audience of practition- 
ers, like surveyors and architects, Hero provides statements of 
geometric relationships, sometimes (but rarely) with proof, illus- 
trated by problems worked out in full. Reflecting the utility 
of his manner of presenting this material, derivative versions 
appeared in which Hero's rules were illustrated by additional 
problems 1241. Throughout these works computations involving 
fractions arise, and one frequently finds these solved by means 
of the unit-fractional methods. 
In the Metrica itself the unit-fractional mode is of minimal 
importance. It figures prominently in only six passages: the 
square root of 63 is approximated as 7 l/2 4' 8' 16' (I, 9); 
the difference of 169 and 72 5' is given as 96 l/2 5' 10' (I, 14; 
cf. 15); via the Archimedean rule that "11 squares of the diam- 
eter of the circle are very nearly equal to 14 circles" (cf. 
Dimension of the Circle, prop. 2) the area of the circle of di- 
ameter 10 is given as 78 l/2 14' (I, 26), while that of diameter 
17 l/2 is given as 240 l/2 8' (I, 33); by way of determining the 
volume of a pyramid, the third of 1333 3' is given as 444 3' 9' 
(II, 5). In four other passages one meets the notations l/2 3' 
(I, 8; II, 16) and l/2 4' (II, 6; III, 2) instead of 5/6 and 3/4, 
respectively. But these appear to be of only notational, rather 
than computational, significance. For in III, 2, Hero expresses 
the approximate square root of 126 l/2 4' as 11 4'; multiplies 
this by 15 to obtain 168 l/2 4'; but then writes the thirteenth 
of this product as 12 51/52. Later in the same section he finds 
the division of 100 4/5 by 10 22/65 to be 9 l/2 4'. Thus, the 
unit-fractions do not actually enter into the computational pro- 
cedure in these instances. 
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In order to facilitate computations with fractions, or even 
to avoid them, Hero often resorts to proportions. For instance, 
in I, 20, he replaces the ratio 14 3':7 by its equal, 43:21; in 
I, 22, he replaces 12:76 l/2 by 24:153, that is, 8:51; and so on. 
Nevertheless, Hero possesses a general notation for fractions 
and makes frequent use of it in his computations. We have al- 
ready seen an instance of this in the computations in III, 2 
above. In all, seventeen sections of the Metrica adopt the gen- 
eral mode for fractions; only three of these fall within Book I 
(Chaps. 16, 17, 24), six appear in II (Chaps. 1, 2, 10, 11, 13, 
18) and eight in III (Chaps. 2, 4, 7, 8, 9, 20, 21, 22). Inter- 
estingly, this pattern reverses that seen for the appearance of 
the unit-fraction mode, where five passages in Book I use it, 
but only one in II, and none in III. One suspects that unit- 
fractions figured more prominently in Hero's elementary sources; 
but as he turned to more advanced sources, based primarily on 
results proved by Archimedes, the computations in the latter 
part of the Metrica required use of the more serviceable general 
mode of fractions. 
In contrast with the Metrica, the derivative writings col- 
lected as the Geometrica and Stereometrica make extensive use 
of the unit-fractional mode. An effective way to see this is 
through consideration of the values they present for the approx- 
imation of square roots [25]. Of the forty-five instances ex- 
tracted by Hofmann from these works, seven come from the Metrica, 
and of these only one (i.e., the approximation of J63 by 7 l/2 
4' 8' 16' in I, 9) employs the unit-mode, although in three 
others one meets the notations l/2 3' and l/2 4', which we have 
argued are not of computational significance. A further in- 
stance is drawn from Hero's Dioptra (Chap. 28): here the radicand 
is given as 68 l/2 14', but the root as 8 2/7. This indicates 
that Hero has recast the radicand as 68 4/7 and then worked out 
the root as 8 + (4 4/7)/16, that is, 8 2/7. Thus, the unit-mode 
in this case also lacks computational significance. 
All of the remaining thirty-seven cases come from the Hero- 
based writings. Of these, five are nearest-integer approxima- 
tions, while another seven introduce only a single unit-fractional 
part or 2/3 or l/2 4', so that these cases do not distinguish 
between the two fractional modes. But of the twenty-five cases 
left, all are clear instances of the unit-mode. Only two of 
these are hybrid in form. For instance, the root of 2460 15/16 
is given as 49 l/2 17' 34' 51' (No. 38). Through consideration 
of the context, Tannery has shown how this value results as the 
difference between the roots of 6300 (given as 79 3' 34' 102' 
in No. 45) and 886 - 16' (given as 29 l/2 4' 68' in No. 17) 
[Hofmann 1934, 1111; the expected value through direct computa- 
tion would be expected to be about 49 l/2 10'. 
Even in these cases where the radicand or the root or both 
are expressed in the unit-fractional mode, we might ask whether 
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this mode figured within the actual process of computation, or 
whether it was first converted to the general mode, as we saw 
above in the example from the Dioptra. In most of his discus- 
sion, Hofmann adopts the latter approach, and this may indeed 
represent the actual method followed. But in several instances 
I believe a better account is possible on the assumption that 
the unit-fractional mode was maintained throughout, and this 
appears especially useful in capturing the scribe's method of 
approximating fractions. For instance, for the root of 43 l/2 
4' (No. 16) we obtain 6 l/2 + (1 l/2)/13, or 6 l/2 13' 26', 
without the intermediate appearance of 3/26. Similarly, for the 
root of 43 l/2 4' 9' (No. 34) we obtain 6 l/2 + (1 l/2 9')/13; 
via the standard method the division of 1 l/2 9' by 13 leads to 
the quotient 9' 78', from which the given value of 6 l/2 9' 
readily follows by neglecting the term 78'. Again, for the root 
of 593 (No. 29) we obtain 24 + 17/48, simplify to 24 4' + 5/48, 
and then round off to 24 4' 8'. (One notes here the possibility 
of the closer value 24 3' 48'.) The root of 356 18' (No. 35) 
will be 18 l/2 + (14 18')/37; the remainder term may be simpli- 
fied to 14/36 and then expressed as 4' 9', so as to produce the 
given value 18 l/2 4' 9'. Further, the root of 444 3' 9' (No. 
25) will be 21 + (3 3' 9')/42; noting that 12' of 42 is 3 l/2 
(that is, 3 3' 6'), one is led to the approximation of the text, 
21 12'. 
These examples suggest that the unit-mode for fractions has 
played a role within the computations, as well as being the pre- 
ferred notational mode for expressing results. In another case, 
the unit-mode can assist us in restoring a defective text. The 
root of 32 (No. 37) is given as 5 l/2 14', a remarkably poor 
approximation, since the correct value is only slightly short 
of 5 l/2 6'. Indeed, using the standard Heronian procedure for 
roots, we should have expected the latter value, via the compu- 
tation of 6 - 4/12. Now, the Heronian procedure is recursive; 
given any initial approximation, a second is found by dividing 
the radicand by the first, whereupon a much better approximation 
is obtained by taking the arithmetic mean of these first two 
1261. In the present case, if we take the initial value to be 
5 l/2 6' (as derived above), division produces the second value 
5 l/2 7' 238', from which follows the new value 5 l/2 12' 14' 
476'. Neglecting the small last term, we obtain the approxima- 
tion 5 l/2 12' 14'. The value actually given in the text, 5 l/2 
14', thus appears to have resulted through a scribal omission 
[271. 
These observations on the interplay of the two modes of ex- 
pressing fractions are confirmed through a general survey of the 
Hero-based metrical writings. In the Geometrica about fifty 
pages of Heiberg's edition contain computations relying on ex- 
tensive use of fractions; of these about thirty pages introduce 
the unit-mode alone, in twenty both modes appear, but in none is 
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the general mode used exclusively. Sometimes a result is ex- 
pressed in both modes, one immediately after the other; for in- 
stance, the square root of 43 l/2 4' is stated as "6 l/2 13' 26', 
or six units and remainder 13' 13' eight," whereupon the latter, 
a notation for 6 + a/13, is at once reintroduced as "6 and 8 13' 
13'" for the next computation [28]. 
Typical of these mixed usages is a set of computations of 
the area of the circle: (a) First, one is to find the perimeter 
when the diameter is "16 3' 15' schoinia, that is, 16 schoinia 
and 5' 5' two-; this is converted to 82/S, multiplied by 3 7' to 
obtain 257/5 plus (5/7)/S, which he then states in the form 51 
3' 7' 15'. (b) The scribe then presents in their turn five var- 
iant computations of the area. Although the answer in each case 
is stated as 211 4' 25' 28', the operands are given in the gen- 
eral notation (e.g., as 16 2/S and 51 19/35 for the diameter and 
the perimeter, respectively). In the first of these one can view 
the answer in its stated form as actually derived via the pro- 
cedure given; but in the other four it is difficult to do so. 
Thus, the unit-mode is even further removed from the effective 
computational procedure [Hero IV, 346-3511 1291. 
These examples thus show that, in contrast with Hero's own 
writing, the Metrica, those derived from it employ the unit-mode 
as the standard way of expressing fractions. Yet even in the 
latter, the general mode for fractions is familiar, being in 
fact the mode through which the computations are actually per- 
formed. This is precisely the ambivalence we saw in the case 
of the problems in P. Akhmim: there, as here, problems were 
typically phrased in the unit-mode, then converted to the general 
mode for computational purposes, after which the solution was 
converted back into unit-mode. If in rare instances one per- 
ceives that the unit-mode might be a convenient way to execute 
a computation: (for example, in multiplying 5 l/4 by itself to 
produce 27 l/2 16'), for all but such simple cases, computation 
demands use of the general mode. Thus, the unit-mode serves 
almost exclusively as a notation for the recording of numbers, 
rather than for operating with them. 
V. THE CONTINUITY OF THE ANCIENT COMPUTATIONAL TRADITION 
This survey of the arithmetic of unit-fractions has revealed 
a striking uniformity in the techniques used by the Egyptian 
scribes of well before the middle of the second millennium B.C. 
and the Greek scribes throughout the first half-millennium A.D. 
Filling the gap is a set of demotic (Egyptian) papyri from the 
Hellenistic and early Greco-Roman periods (third century B.C. 
onward). In the edition by R. A. Parker, this comprehends 
seventy-two problems preserved in five documents estimated to 
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range from the third century B.C. to the second century A.D. 
Like the other papyri we have considered, these are devoted to 
detailed arithmetical manipulations in contexts like solving 
commercial problems or finding areas and volumes according to 
the rules of metrical geometry. Considerable interest centers 
on operations involving fractions, and in these cases we en- 
counter the same mixture of methods, dominated by the use of 
unit-fractions, that appear in P. Rhind and P. Akhmim. 
Implicit in these demotic problems is access to tables of 
unit-fraction expressions like those we have seen. For instance, 
when the scribe of No. 41 multiplies 1 5/6 42’ time:; itself, he 
must know that the given terms equal 1 6/7, for the result is 
stated as 3 22/49. Again, in Nos. 57-61 the given terms are 
3' 15' and 3" 21'; but the scribe knows to convert them to 2/5 
(or 14/35) and 5/7 (or 25/35) before the computations begin. 
Thus, in No. 57 their product is worked out as lo/35 and then 
written as 4' 28'; in No. 58 their quotient is known to be 14/25, 
written as l/2 25' 50'; in No. 60 the difference is first found 
to be 11/35, then converted to 4' 28' 35'; in No. 61 their sum 
is 39/35, then written as 1 10' 70'. Clearly, the implied pro- 
cedure of expressing the result of a division in terms of unit- 
fractions is the same as that used in P. Hind and in the Greek 
papyri. But one also sees how this mode might sometimes perform 
merely a notational, rather than a computational, role. This 
break, however, is by no means as evident as in P. Akhmim or the 
Heronian metrical writings. The demotic scribes typically retain 
the unit-mode throughout. Indeed, even in the examples just 
cited, no general notation for fractions is used; for instance, 
the scribe still conceives of lo/35 as a division: "make 10 a 
part of 35." Only rarely does a general notation enter (as in 
Nos. 2, 3, 10, 13), and there in the case of mixed fractions as 
well as proper. In No. 13, for example, the implied division 
of 60 by 131 is written as 3' 15' (7 l/2 10')/131. One is re- 
minded of problems in P. Bhind and P. AkhmTm where the combin- 
ation of fractions is assisted by first raising the terms, but 
the new denominator happens not to be a common multiple of the 
given ones [30]. 
By virtue of their adherence to the same procedure of divi- 
sion, the demotic scribes present many of the same values found 
in the other papyri. A surprising instance is the expression 
of 2/35 as 30' 42', just as in P. Bhind and P. Akhmim. Indeed, 
its appearance in No. 56 is worked out precisely as in P. Akhmim 
No. 23. For further comparisons, one may note in No. 46 the 
value 1 - 6' written via a special notation for 5/6 [analogous 
to 3" 6' elsewhere)[31]; in No. 47 the value 1 - 7' is 5/6 42' 
(cf. P. Akhmim: 3" 6' 42'); but in No. 48 the value 1 - 8' is 
3" 12' 8' (P. Akhmim: l/2 4' 8') and in No. 49 the value 1 - 9' 
is 5/6 30' 45' (P. Akhmlm: 3" 6' 18'); in No. 50 the value 1 - 
10' is 5/6 15', in agreement with P. Akhmim (3" 6' 15'). The 
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unusual order of the terms in No. 48 suggests that its 3" 12' 
resulted from partition of l/2 4' as in P. Akhmim. As for No. 
49, its very unusual value for 8/9 is consistent with a value 
for a/90 (i.e., 15' 45') listed in a table of 90ths in No. 66. 
We may thus have additional indication of use of tables in these 
computations. In Nos. 66 and 67 portions of such tables are 
preserved, for 90ths and 150ths, respectively (see Table V). 
In format these hardly differ from those in the other papyri, 
but there are idiosyncracies in the implied computational pro- 
cedure. The value for 2/150 is not 75', for instance, but 90' 
450'; that for 3/150 is not 50', but 60' 300'; and so on. The 
scribe may first have taken 30' of 150, so reducing these cases 
to 2/5 and 3/5, respectively; if so, his reasons for doing this 
must lie with the special purposes intended for the table [32]. 
An interesting link between the demotic papyri and the later 
Greek computational tradition is evident in the method they both 
use for estimating square roots. For in all dozen instances in 
the papyri the value is derived via the "Heronian" or Babylonian 
rule, in which the square root of a2 + b is taken as a + b/2a 
[331- In No. 62, for example, the root of 10 is worked out step 
by step according to this rule, resulting in the value 3 6'. 
In No. 35 the roots of 345 and 105 are given as 18 l/2 12' and 
10 41, respectively, where reliance on the same procedure is 
clear, even though the steps are not set out. Often a rounding 
off is involved. For instance, in Nos. 7 and 15 the root of 
1500 is given as 38 3" 20'. The rule would yield 38 56/76 or 
38 14/19; separation into unit-fractions might lead to the form 
38 3" 19' 57' (as in the P. Akhmlm), from which the given esti- 
mate follows. In No. 32 the root of 133 3' is given as 11 l/2 
20', where the rule yields 11 l/2 22' 66'. In No. 18 the root 
of 1000 appears as 31 l/2 10' 30'. The rule yields 31 39/62 or 
31 l/2 8/62; I suspect that the scribe then rounded off 8/62 to 
a/60 to obtain 10' 30'. An interesting case is No. 37 where the 
root of 450 is given as 21 5' 60'. The rule yields 21 9/42 or 
21 3/14, so that consulting a table (like that in P. Akhmim) 
would lead to the value 21 5' 70'. As the scribe persists in 
the stated value with 60', instead of the expected value with 
70', one would gather either that he has miscomputed the reduc- 
tion of the fraction or drawn it from a table with an error in 
that entry [341. 
Through these examples one can see that the demotic papyri 
serve as a bridge between the ancient Egyptian and Mesopotamian 
scribal methods on the one hand and the later Greek papyri and 
metrical writings on the other. Unfortunately, the Hellenistic 
provenance of the demotic papyri does not exactly secure this 
view. It is in theory possible, for instance, that the "Heron- 
ian" methods they use derived from interaction with an older 
Greek computational tradition, leading to an advancement of the 
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native Egyptian technique beginning from the third century B.C. 
But the latter view is quite unconvincing in the light of other 
features of the papyri. In particular, circle measurement invar- 
iably uses 3 as the value for IT, just as in the older Mesopotam- 
ian tradition [Parker 1972, No. 32 f, 36-381 [35]. By contrast, 
the Greek metrical tradition always uses the Archimedean value 
3 l/7; thus one would surely suppose that any contact with 
Greek methods would lead to its adoption. Similarly, a set of 
demotic problems measures segments of circles via the rule 
(h/2) (b + h) I for height h and base b [Parker 1972, No. 36-381. 
The rule is known to Hero, who ascribes it to unnamed "ancients" 
and points out that in the special case of the semicircle (where 
b = 2h) it implies the value 3 for II (Metrica I, 30); he adds 
that this "rather careless" method was made more accurate by 
others who added on a fourteenth part of the square on half the 
base (Metrica I, 31). Surely it would be odd for the demotic 
scribes to latch onto the crude rule at just the time when their 
Greek counterparts were engaged in its correction. On the other 
hand, it would be quite natural for the Greek computers, upon 
learning of such a rule from demotic sources, to recognize its 
shortcomings in the light of Archimedes' findings on the circle- 
measurement. 
Under this view, the demotic papyri present to us a late 
phase of the native Egyptian computational tradition. This is 
in keeping with certain conjectures by Parker 11972, 5 f., 8-101, 
notably that the invention of the general mode for fractions 
was an outgrowth of techniques (like the raising of terms) al- 
ready seen in the Bhind Papyrus, although of course even in the 
demotic papyri its application is minimal. This native tradition 
could borrow from Mesopotamia certain methods, like the rule 
for square roots and the value of 3 for TT [36]. When this im- 
portation occurred cannot directly be ascertained, owing to the 
relatively recent dating of our sources. But a persuasive cir- 
cumstantial case can be made for the late sixth and fifth cen- 
turies B.C., when Egypt was under the administration of the 
Persians. In proposing this view, Parker calls attention to a 
demotic astrological papyrus which indicates the introduction 
of Mesopotamian modes of calendary and divination into Egypt 
during this same period [37]. With respect to the Egyptians' 
adoption of new mathematical techniques, their acutely selective 
attitude is not really surprising. The scribes would certainly 
wish to avail themselves of techniques not held in their own 
tradition, for instance, the method for estimating roots. But 
already possessing an arithmetical notation and elaborate pro- 
cedures for effecting the arithmetical operations, including 
the methods of unit-fractions, they would understandably resist 
adoption of the alternative Mesopotamian methods, despite the 
enormous gain in flexibility entailed by the sexagesimal place- 
notation [38]. 
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These considerations lead me to view the Greek computational 
tradition as consisting of two largely independent branches. 
Implicit in the formal treatment of mathematics by Euclid is a 
basis of metrical and arithmetical techniques oriented toward 
the practical needs of fields like commerce and surveying. Some 
part--and doubtless no small part--of these techniques could be 
imported through contact with the older traditions, as indeed 
the Greeks themselves insist [39]. Seeing that the Greeks look 
toward Egypt, rather than Mesopotamia, as the source of mathema- 
tical technique, I infer that the Egyptian contacts were the 
more significant during this formative phase and that knowledge 
of Mesopotamian methods, such as the "geometric algebra" implicit 
in Euclid's Book II, might come through the mediation of the 
Egyptian scribes [40]. This is the pattern of transmission we 
have already argued for some of the techniques used in the de- 
motic papyri, and the Greeks could hardly be blamed if they 
failed to perceive the Mesopotamian origins of such features of 
the contemporaneous Egyptian tradition. This also helps us to 
understand how the Greeks, in the infancy of their own technical 
tradition, could have failed to adopt the superior Mesopotamian 
computational techniques, if indeed they had access to the Meso- 
potamian tradition directly [41]. 
This practical tradition in Greek served as the technical 
basis for the formal corpus of geometry as compiled by Euclid 
and extended by Archimedes. As the practical complement of the 
formal geometry, it profited in its turn from the incorporation 
of findings due to the advances in geometric theory. Especially 
prominent in this movement is Hero of Alexandria, a writer fully 
sensitive to the aims of theory, but concerned with addressing 
an audience of trained mathematical practitioners, like surveyors 
and military engineers. Thus, in a work like his Metrica he 
begins with the basic rules familiar in the elementary metrical 
tradition, but continues well beyond these in the presentation 
of more advanced materials, sometimes with derivations and 
proofs. He so brings in Archimedean results on the measurement 
of plane figures like circular and parabolic segments, and of 
solid figures like segments of spheres and cylindrical sections; 
he presents the familiar rule for square roots in a more general 
form, as well as a rule for estimating cubic roots; elsewhere, 
he gives a geometric solution with proof of the problem of 
duplicating the cube 1421. These examples reveal that the level 
of expertise implicit in Hero's writings is far higher than that 
indicated in the mathematical papyri. 
The tradition represented in papyri like P. Mich. and P. 
Akhmim, however, appears to be independent of the one underlying 
Hero's writings. To be sure, these papyri display greater dex- 
terity in technical manipulations than one finds in older docu- 
ments like P. Rhind and the demotic papyri. But we have seen 
that the germ of these refinements was already present in the 
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earlier tradition. The Greek papyri show little, if any, sign 
of access to the more sophisticated sources exploited by Hero. 
To the contrary, they adhere to an elementary technical level 
with phenomenal tenacity. For instance, the virtual identity 
of the fraction tables in P. Mich. 146 and P. Akhmim reveals a 
continuity spanning several centuries in the transmission, not 
only of certain techniques of unit-fractions, but even of the 
text of a specific table of computed values. In contrast to 
Hero's audience, the users of the papyri are quite limited in 
technical competence, operating within a narrow range of prac- 
tical commercial contexts hardly different from that of the 
earlier Egyptian scribes. Indeed, the Greek papyri are best 
viewed as an extension of the Egyptian tradition. I would sup- 
pose that as Greek gradually supplanted demotic Egyptian on the 
popular level in the course of the Hellenistic and Greco-Roman 
periods, training in the technical methods for dealing with 
everyday situations as provided in the demotic papyri would 
have to be made available in Greek as well. In this way, the 
Greek mathematical papyri would originate effectively as a 
translation literature. 
Intermediate between Hero's writings and the papyri is the 
metrical corpus called the Geometrica and the Stereometrica by 
its modern editor, Heiberg. Its dependence on Hero's Metrica 
is manifest throughout. But this is a hybrid literature, seek- 
ing to present Hero's procedures in a form appropriate for less 
expert users, like those of the papyri. Thus, rules are pre- 
sented not with proofs or derivations, but rather in the guise 
of case after case of fully worked out numerical examples. 
Sometimes the same problem, framed around the same data, is 
worked out according to several alternative sequences of the 
arithmetical operations: this would surely indicate that the 
editor considered the exposition of basic arithmetic among the 
principal objectives of his teaching. As we have seen, a subtle 
index of the lower technical level of the derivative metrical 
collections is their retention of the unit-mode for fractions 
as a computational method; by contrast, in Hero's writings this 
has all but yielded entirely to the general mode, entering only 
as a notation for the expression of the answers. 
How can one explain the longevity of the methods of unit- 
fractions? A hint may lie in the practical writers' preoccu- 
pation with units of weight and measure. In contrast with 
Hero, who omits mention of the specific units measuring the 
magnitudes given in his problems, the scribes invariably specify 
so many schoinia, feet, spans or daktyls of length, so many 
acres of planar measure, and so on. One comes upon extensive 
lists of units and their diverse subdivisions in accordance 
with the wide variety of systems associated with different 
countries and chronological periods. Units of weight and cur- 
rency are also of major importance, and in a representative 
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passage we learn that "the Roman Gnarion has 1252 parts, . . . 
the assarion is divided into the l/2, 3', 4', 6', 8', 9', lo', 
12', 16', 18', 24', 36', 40', 50', 72', and these parts have 
their own names among the Roman computers" [43]. Thus afflicted, 
the ancient scribe had better have mastered the art of converting 
the fractional parts of units into subunits and sub-subunits, 
and so on. Exercises in the manipulation of unit-fractions 
might well be an effective preparation for this kind of prac- 
tical situation. 
But there is another factor which should not be overlooked. 
The methods of the Egyptian scribes were part of a tradition 
already more than two thousand years old when first encountered 
by the Greeks in the sixth or fifth century B.C. Despite their 
limited range and unwieldy implementation, these ancient tech- 
niques were quite feasible, and their great antiquity would 
render their modification or displacement extremely difficult. 
In this respect, then, the conservatism of the ancient compu- 
tational tradition would conform to a general pattern of trans- 
mission, whether of texts or techniques, in the traditions of 
many other literary and technical fields. 
NOTES 
1. Scholium to Plato's Charmides 165e; cf. [Thomas 1957 I, 
16-191. 
2. For Greek expressions of this debt to Egyptian mathe- 
matics, see [Thomas 1957, 8; Heath 1921 II, 4401. 
3. The 20th-century study of the mathematical and astro- 
nomical cuneiform texts has revealed the profound debt owed by 
Greek science to its Babylonian precursors. This is evident 
in the use of sexagesimals for astronomical computation, while 
Babylonian data and even parameters are crucial for Hellenistic 
astronomy. In mathematics 0. Neugebauer has pointed to Baby- 
lonian sources for the Greek metrical tradition, as seen in 
such instances as the methods for approximating square roots 
(the so-called "Heronian rule"; see below, note 251, and the 
techniques of examining quadratic geometric relations, the 
so-called "geometric algebra" (cf. [Neugebauer 1957, Chap. VI, 
esp. pp. 144-1511). 
4. On the basis of the technical evidence from Egypt, 
Mesopotamia, and Greece, in the light of literary sources, I 
have proposed a transmission of Mesopotamian mathematical tech- 
niques to the Greeks through Egypt after the Persian occupation 
of the late sixth and early fifth centuries B.C. The details 
of this argument are given in an unpublished paper, "The 
Greeks Learn Geometry," a version of which was presented to 
the seminar on the history of mathematics of the Courant In- 
stitute (New York University) in October 1975. 
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5. Baillet [1892] makes a few passing comparisons between 
the Egyptian and Greek texts (see note 23 below). Hultsch 
[1901; see note 17 below] and Tannery El8841 attempt to inter- 
pret the Greek texts in the light of the Egyptian, but both are 
severely handicapped by clumsy and improbable views on the meth- 
ods followed by the Egyptian scribes. 
6. See [Gillings 1972, Chaps. 6-7, 10; 1978; Bruchheimer 
& Salomon 1977; Bruins 19751. Among older accounts seeking to 
articulate esthetic criteria underlying the ancient arithmetic 
are Hultsch' studies of the Egyptian [1901, drawing upon his 
massive study of P. Rhind in 18951 and Baillet's of the Greek 
[1892, 22; see Section II below]. One may note that the lit- 
erature on the "2/n table" in P. Rhind is immense, including 
beyond those cited above dissertations by Neugebauer (1926) 
and by Vogel (1929) and lengthy studies by Tannery [1884] and 
by Hultsch (1895). For references see the bibliographies in 
[Gillings 19721 and [Archibald 1927; in The Rhind Mathematical 
Papyrus, Chace and Manning, eds., Vol. I]. 
7. [van der Waerden 19801; cf. also [van der Waerden 1954, 
23-261 for an extremely clear and useful short resume of the 
computational methods and [van der Waerden 19381 for a detailed 
account. 
8. Compare the editions of P. Rhind by Peet (1923) and 
Chace and Manning (1927). In each computation the terms in 
the left-hand column are the parts of the unit, those in the 
right-hand column the corresponding parts of the divisor. The 
slash (/) before a row indicates that that entry is to be in- 
cluded in the sum yielding the final quotient; the sum of the 
corresponding terms on the right will be the number being di- 
vided (here, 2). 
9. For discussions of this document, see [Gillings 1972, 
Chap. 9; van der Waerden 1954, 21 ff and Plate 31. For those 
of its entries which are not obvious, it seems to me that a 
method of raising terms, followed by separation and reduction, 
may have been employed (cf. the procedure of "chbrismos" used 
in P. Akhmim, discussed in Section III below). For instance, 
8' = 5/40 = 40' + 4/40 = 40' 10'. Again, 8' = 25/200 = 200' + 
24/200 = 200' + 3/25 = 200' + 25' + 2/25 = 200' 25' 15' 75' 
(the last step using the value for 2/25 given in P. Rhind). 
The entry for 13' is quite incorrect. Gillings 11972, 991 sug- 
gests that it be emended to 26' 39' 78', on the pattern of the 
entries just preceding. But, of course, it bears little re- 
semblance to the value actually given, and seems unlikely to 
have resulted either through textual or computational errors. 
I believe that the scribe may have used a method like the above, 
but instead of changing 13' to 3/39, he made it 3/49. (The 
implied error in the computation of 3 x 13 would amount to a 
difference of only one stroke in the tens' grouping.) Then, 
3/49 = 49' + 2/49 = 49' 28' 196' (this last using the value 
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listed in P. Rhind) , the entry given on the leather roll. This 
view of the method underlying the table in the leather roll 
points to a continuity of computational technique linking the 
Egyptian and Greek traditions; see the discussions in Sections 
II and III below. 
10. The identity 4' = 7' 14' 28' is given in the leather 
roll (see note 9). As it happens, the other two, 6' = 7' 42' 
and 7' = 8' 56', are not listed there. But they follow the 
same pattern of formation illustrated by the two entries 3' = 
4' 12' and 4' = 5' 20' which do appear there. 
11. P. Mich. 145: F. E. Robbins in Papyri . . . Michigan, 
III, pp. 34 ff.;, P. Mich. 146: ibid., pp. 52 ff. (cf. also 
[Robbins 19221); P. Akhmim: Baillet [1892, 3-41. 
12. Half of the entries for cases of prime divisor in P. 
Rhind conform to this pattern. The scribe chooses smaller 
initial terms in 17 and 19 (12' instead of the possible lo'), 
in 37 (24' instead of 20'), in 59 (36' instead of 30'). In 
the latter parts of the series he seems to prefer a leading 
term from the tenths sequence (cf. the cases of 47, 61, 67, 71, 
83) to alternatives. Other instances are: 29 (lead term of 
24' instead of 16'); 31 (20' instead of 16'); 43 (42' instead 
of 24'); 97 (56' instead of 48'). Of course, the pattern does 
not apply to his values when the divisor is composite. 
13. After the first term, these are, in accordance with 
the Greek alphabetic-numeral notation: a, B, YI ..-I 1, KI 1, 
. ..I PI 0, TI . . . . /a, /6, /y, . . . . t. (On this notational 
system, see [Heath 1921 I, 31-401.) Thus, to find two-thirds 
of 427, say, one merely adds the entries for 400, 20, and 7. 
Baillet [1892, 201 explains that the initial entry listing the 
part of 6000 may have been motivated by the fact that the basic 
unit of currency, the talent, consisted of 6000 drachmas. 
14. P. Mich. 146 lists 3/18 as 9' 18'; in P. Akhmim this 
is 6', as expected. P. Mich. gives different values for 9/12 
and 12/16 (namely, 3" 12' and l/2 4', r%spectively); its values 
for 3/4 and 15/20 are lost. In P. Akhmim all four have the 
same value of l/2 4'. 
15. P. Akhmim gives 16/20 as l/2 4' 20', consistent with 
its prior values; the value for this term has been lost from 
P. Mich. 
16. Also, in the table of sixteenths only the parts l/2, 
4', 8', 16' appear; thus, 3/16 is given as 8' 16' rather than 
as 6' 48'. Other exceptions arise at 3/17, 4/17 and 3/19, to 
be discussed below. 
17. Interestingly, an Egyptian papyrus edited byE. Revillout 
in 1895 and dated by him to the mid-second millennium B.C. adopts 
the value 7' 91', thus at variance with P. Rhind, but in agree- 
ment with the later Greek papyri. This document contains the 
fragment of a table of fractions, presenting some three dozen 
entries from the sequence of sevenths, eighths, . . . . fifteenths. 
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It thus establishes that tables of the sort preserved in the 
Greek papyri Akhmrm and Michigan 145 and 146 had firm precedents 
in the older Egyptian tradition. Hultsch [1901] has examined 
the entries in Revillout's papyrus in comparison with those in 
P. Rhind and P. Akhmim; but his own view of the methods under- 
lying P. Rhind is entirely unpersuasive and so prevents him 
from perceiving the essential unity of computational technique 
linking all of these documents. 
18. For 9/14 P. Akhmim has the expected l/2 7'; P. Mich. 
has l/2 8' 56'. 
19. For the table of tenths in P. Rhind, see [Chace and 
Manning 1927 II, 601. 
20. Here P. Mich. gives the incorrect value 12' 15' 17' 
34' 51'; but the scribe clearly is adhering to the same unusual 
computational pattern as that in P. Akhmim. 
21. Implicit in the passage from 3 to 4 and from 7 to 8 
in the table of seventeenths is the identity 51' 17' = 15' 85'. 
But it is difficult to see why the scribe would have made the 
use of such an identity part of his procedure here. 
22. Problems 6-9, 12-25, 29-32, 38-40, and 50; Nos. 28 
and 49 also manipulate unit-fractions, but in the context of 
problems of distribution, rather than of pure computations. 
23. In his discussion of the comparisons between P. Rhind 
and P. Akhmim, Baillet [1892, 59-621 perceives agreement in 
pedagogical motives, in the classes of problems posed (e.g., 
interest, distributions, etc.), and sometimes, if not always, 
in the specific numerical values given (e.g., in the values 
for 2/n, save for 13 and 19). But he views the Greek procedure 
of chbrismos as an entirely new factor [Baillet 1892, 621 and 
otherwise fails to sense the unity of computational procedure 
linking the two texts. 
24. The compilations of metrical problems are collected 
as the Geometrica and Stereometrica [Opera IV, VI. 
25. In most cases Hero uses a t b/2a to approximate the 
square root of a2 f  b. A review of these materials is given 
by Hofmann [1934] with extensive references to the analyses 
by Hunrath, Tannery, and others. I believe Hofmann's views 
are generally quite sound; but in the details of several dif- 
ficult cases, better alternatives are possible (see note 27, 
for instance), as I show in a separate paper currently in 
progress. 
26. In fact, the rule stated in note 25 above is derived 
from this more general form. For if a is taken as the initial 
approximation to the root of a2 f  b, the quotient after division 
by a will yield a + b/a as the second approximation, and the 
arithmetic mean will be a f  b/2a. Hero is aware that his pro- 
cedure is recursive (cf. Metrica I, 8). 
27. Hofmann's attempt here to save the text is strained 
[1934, 1111; Bruins' attempt to emend (Codex III, p. 93) 
is vitiated by a substitution error in the computation of the 
lower bound (read "12 - 2" for "12 + 2"). 
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28. Geometrica IV, 290 ff.; cf. also pp. 297, 323. This 
style of expressing the denominator doubly seems idiosyncratic 
of some manuscripts of the Geometrica; for it is not used in 
the Metrica, for instance. For a discussion, see [Heath 1921 
I, 431. 
29. For other examples where alternative executions of a 
problem merely restate the answer in its earlier form, rather 
than working out a new form, see Geometrica IV, 290-297, 344- 
347. 
30. On Egyptian precedents for the method of common denom- 
inators, see [van der Waerden 1954, 27; Parker 1972, 8-101. 
31. Parker [1972, 81 notes that the scribe uses a ligature 
based on 3" 6' to denote 5/6. 
32. Parker [1972, 731 offers no firm reason for the scribe's 
factoring out 30' in this manner. One may observe, however, 
that the opaquely motivated choices for the 15Qths are entirely 
consistent with the choices for the entries in the table of 
90ths, where they are quite natural. I suggest that the scribe 
might hold in view a base of 360 for its association with the 
number of days in a year. Then 90 corresponds to the days in 
a 3-month period, 150 to those in a 5-month period, and the 
entries in the tables give the fraction of the base period 
which each of the days in a decanal (lo-day) period amounts to. 
Such tables might be useful for the computation of interest on 
short-term loans. 
33. Parker accounts for several cases via the alternative 
subtractive rule: that a - b/2a approximates the root of 
a2 - b. But in only two instances does the latter form yield 
the scribe's value exactly where the additive form does not. 
Thus, in No. 33 the root of 13 3' is 3 3" (via 16 - 2 3") and 
in No. 38 the root of 75 is 8 3" (via 81 - 6). But in these 
cases the additive rule would result in 13 3" 18' and 8 11/16, 
respectively, and these might easily have been rounded off to 
produce the scribe's values. In other cases, the scribe pre- 
fers the additive form, even when the alternative would give 
a closer answer. Thus, in No. 18 the root of 1000 is given as 
31 l/2 10' 30' via 961 + 39, rather than as 31 l/2 8' via 1024 
- 24; and in No. 35 the root of 345 is given as 18 l/2 12' via 
324 + 21, rather than as 18 l/2 19' 38' via 361 - 16. Since 
the scribal methods of unit-fractions do not employ subtractive 
techniques--indeed, they are extremely rare even in Hero--I am 
inclined to doubt that subtractive forms were introduced in the 
special context of square roots. 
34. That the papyri are not immune from miscomputation 
and scribal error should be clear from the preceding sections. 
See also Table IVb; Parker [1972, passim]; and the critical 
apparatus to the editions of Hero's metrical writings. 
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35. See [Neugebauer 1957, 46 f.] on the Mesopotamian value; 
he notes that one set of tablets indicates an alternative value 
of 3 l/8. 
36. It is odd that the procedure for finding the area of 
the circle used in Rhind Papyrus 48 yields the closer value 
256/81, or 3 13/81, that is, a bit less than 3 l/6. Either 
this was not an established procedure in the Egyptian tradition 
at large, or else the scribes of the demotic papyri accepted 
the value 3 for its obviously greater convenience in computa- 
tions. 
37. Parker [1972, 61, who cites his edition of a Vienna 
demotic papyrus on eclipse omens (Brown Egyptological Studies, 
2, 1959). I advocate much the same view of the interaction of 
these traditions in the paper cited in note 4 above. 
38. On the Mesopotamian computational methods, see 
[Neugebauer 1957, Chap. II]. 
39. Herodotus assigns to the Egyptians the origination of 
geometry for the purposes of land-measurement (Histories II, 
109) I and this view is maintained by several later Greek wit- 
nesses (for citations, see [Heath 1921 I, 121 f.]). Neugebauer 
wishes to discount all such testimonia of Egyptian contributions 
to the early Greek technical tradition 11957, 72, 80, 1511. 
While, admittedly, one might exaggerate the importance of 
Egyptian technique, a s the later writers often do, the respect 
which earlier writers like Plato and Aristotle accord to the 
Egyptian tradition of learning, including mathematics, is clear 
and apparently sincere (see, for instance, Philebus 274 c; 
Laws 819 b; Metaphysics I, 1). The stories of visits to Egypt 
by several of the Presocratics, by Plato, by Eudoxus and others 
are hardly unreasonable. Although the technical range repre- 
sented in the demotic papyri is quite limited, it embraces most 
of what we can infer of the technical base of the fifth-century 
Greek tradition. 
40. For brief accounts of these techniques and their 
Mesopotamian parallels, see [Neugebauer 1957, 41 f., 149 f.; 
van der Waerden 1954, 63-73, 118-1261. 
41. I here refer of course only to the computational 
methods in the metrical and papyrus traditions. When the 
Greeks gained direct access to the Mesopotamian astronomical 
methods, beginning in the third or second century B.C., they 
assimilated with these the sexagesimal computational methods. 
These methods thus became a fixture of the Greek astronomical 
tradition and were transmitted with it into later antiquity, 
the Middle Ages and the Renaissance. But among the Greeks, 
their use remained restricted to the astronomical field. 
42. Metrica I, 32-35, 38; II, 11-15; on roots, see I, 8 
and III, 20; on the cube-duplication, see Mechanica I, 11 and 
Belopoeica (Wescher, 114-119). For a survey account, see 
[Heath 1921 II, 316-3441. 
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43. Hero [1912 IV, 410 f]. Robbins perceives a commercial 
motivation, when he writes of the fraction tables in the Michi- 
gan Papyri, "It is very probable that documents of this class 
were intended for reference in the course of ordinary business" 
[1936, 541. 
APPENDIX: TABLES 
TABLE I. Values of 2/n in the Fzhind Papyrus 
Prime divisors Composite divisors 
3 3" 
5 3' 15' 
7 4' 28' 
11 6' 66' 
13 8' 52' 104' 
17 12' 51' 68' 
19 12' 76' 114' 
23 12' 276' 
29 24' 58' 174' 
31 20' 124' 155' 
37 24' 111' 296' 
41 24' 246' 328' 
43 42' 86' i29* 
47 30' 141' 470' 
53 30' 318' 795' 
59 36' 236' 531' 
61 40' 244' 488' 
61 40' 335' 536' 
71 40' 568' 710’ 
73 60' 219' 292' 
79 60' 237' 316' 
83 60' 332' 415' 
89 60' 356' 534' 
97 56' 679' 776' 









9 ( 31 6' 18' 
15 ( 3) 10' 30' 
21 ( 3) 14' 42' 
25 ( 5) 15' 75' 
27 ( 3) 18' 54' 
33 ( 3) 22' 66' 
35 ( *) 30' 42' 
39 ( 3) 26' 78' 
45 ( 3) 30' 90' 
49 ( 7) 28' 196' 
51 ( 3) 34' 102' 
55 111) 30' 330' 
57 ( 3) 38' 114' 
63 ( 3) 42' 126' 
65 ( 5) 39' 195' 
69 ( 3) 46' 138' 
75 ( 3) 50' 150' 
77 ( 7) 44' 308' 
81 ( 3) 54' 162' 
85 ( 5) 51' 255' 
87 ( 3) 58' 174' 
91 ( *) 70' 130' 
93 ( 3) 62' 186' 
95 (19) 60' 380' 570' 
99 ( 3) 66' 198' 
Results of the division of 2 by each of the odd numbers from 3 through 101 as 
presented in the Rhind Papyrus (see Chace and Manning 1927 I, 21-22, 50-60). Under 
the column of composite divisors, the number indicated in parentheses is the divisor 
to which the computation is reduced, after removal of one of the factors; e.g., the 
computation of 2 t 15 is reduced to that of 2 : 3 after removing the factor 5. 
TABLE II. Fraction Values in the Mathematical Leather Roll 
8' = 10' 40' 7' = 14' 21' 42' 
4' 5' 20' 9' 18' 27' 54' 
3' 4' 12' 11' 22' 33' 66' 
5' 10' 10' 13' 28' 49' 196' 
3' 6' 6' 15' 30' 45' 90' 
Jr 6' 6' 6' 16' 24' 48' 
3" 3' 3' 12' 18' 36' 
8' 25' 15' 75' 200' 14' 21' 42' 
16' 50' 30' 150' 400' 30' 45' 90' 
15' 25' 50' 150' 20' 30' 60' 
6' 9' 18' 10' 15' 30' 
4' 7' 14' 28' 32' 48' 96' 
8' 12' 24' 64' 96' 192' 
Decompositions of unit-fractions, as listed in the Egyptian Mathematical Leather 
Roll. For so"rc~S, see [Gillings 1972, Chap. 91 and the remarks in the present paper, 
note 9. 
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TABLE III. Table of Fractions in P. Michigan 145 
[I, il [I, ii] 
of 1 23' of 12 4' 8' 232' 
[of 21 12' 276' of 13 3' 15' r% 87' 435 
[of 31 10' 46' 115' of 14 4' 5' 58' 116' 145 
[of 4 6'1 138' of 15 4 58' 
[of 5 6' 23'1 138' of 16 [%I 29' 58' 
. . . . . . [of 17 Ji 12' 348' 
. . . . . . 
Fragment of a table of fractions from P. Mich. 145. The first column lists 
consecutive quotients of division by 23; the second column, of division by 29. 
Bracketed entries have been supplied by Robbins [1936, 431. For discussion, see the 
present paper, Section II. 









= 3' 15' 
% 10' 
4 4' 20' 
Sixths 
2 = 4' 28' 
3 3' 14' 42' 
4 $ 14' 
5 3" 21' 







4 4' 8' 
Ninths 





k 3' 18' 







4 4' 20' 
?i 3' 15' 
Elevenths 










= 6' 66' 
4' 44' 
3' 33' 
3' 11' 33' 
4 22' 
4 11' 22' 
3" 22' 66' 
4 4' 22' 44' 
















3' 14' 42' 
% 
4 14' 
4 8' 56' 
3" 21' 
4 4' 28' 
% 3' 42' 





















2 3' 12' 
Thirteenths 
2 10' 30' 
3 5' 
4 4' 60' 
5 3' 
6 3' 15' 
I 3' 10' 30' 
8 4 30' 
9 % 10' 
10 3" 
11 3" 15' 
12 % 4' 20' 
13 4 3' 30' 
14 4 3' 10' 
2 = 7' 91' 
3 6' 26' 39' 
4 4' 26' 52' 
5 3' 26' 78' 
6 3' 13' 26' 78' 
7 4 26' 
8 $ 13' 26' 
9 3" 39' 
10 4 4' 52' 
11 k 3' 78' 
12 4 3' 13' 78' 
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TABLE IVa Continued 
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Sixteenths 
2 = 8' 
3 8' 16' 
4 4' 
5 4' 16' 
6 4' 8' 
7 4' 8' 16' 
8 4 
9 4 16' 
10 ?i 8' 
11 ?r 8' 16' 
12 4 4' 
13 4 4' 16' 
14 4 4' 8' 
15 4 4' 8' 
Seventeenths 
2 = 12' 51' 68' 
3 12' 17' 51' 
4 12' 15' 17' 
5 4' 34' 68' 
6 3' 51' 
7 3' 17' 51' 
8 3' 15' 17' 
9 b2 34' 
10 k 17' 34' 
11 b2 12' 34' 
12 4 12' 17' 
13 s 4' 68' 
14 ti 4' 17' 
15 % 3' 34' 
16 4 3' 17' 
Eighteenths 
2 = 9' 
3 6' 
4 6' 18' 
5 4' 36' 
6 3' 
7 3' 18' 
8 3' 9' 
9 4 
10 Q 18' 
11 4 12' 36' 
12 3" 
13 3" 18' 
14 4 4' 36' 
15 Jr 3' 
16 4 3' 18' 




































= 10' 190' 
15' 20' 57' 
5' 95' 
4' 76' 
4' 19' 76' 
3' 38' 114' 
3' 30' 38' 
3' 12' 38' 
?i 38' 
% 19' 38' 
% 12' 38' 
3" 57' 
3" 19' 57' 
4 4' 38' 
% 4' 19' 
k 3' 30' 













4 10' 20' 
k 5' 
k 4' 
k 4' 20' 
4 3' 60' 
% 3' 15' 
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TABLE IVb. Alternative Values in P. Michigan 146 
(i) Correct alternatives 
4/5 = 3" 10' 30' 3/14 = 7' 14' 12/15 = 3" 10' 30' 
3/7 3' 15' 35' 5/14 4' 14' 28' 3/18 9' 18' 
3/10 5' 10' 6/14 3' 15' 35' 5/18 6' 9' 
e/10 3" 10' 30' 9/14 4 7' 11/18 % 9' 
9/12 3" 12' 4/15 5' 15' 14/18 3" 9' 
10/13 3" 13' 39' a/15 3' 5' 
(ii) Incorrect alternatives 
8/13 # 4 13' 26' 78' 11/15 # 4 3' 15' 
12/13 4 3' 13' 26' 78' 4/17 12' 15' 17' 34' 51' 
u/14 3" 14' 28' 11/17 4 12' 17' 34' 51' 
10/15 Ji 3' 15/17 ?i 4' 17' 34' 68' 
TABLE IVa: Values for fractions listed in P. Akhmhn; I have excerpted from 
the complete list given by Baillet [1892, 24-311. See Section II of the present 
paper for discussion. 
TABLE IVb: Values for fractions as listed in P. Mich. 146, where these 
disagree with the entry in P. AH&m. The alternatives given in (i) are correct, 
but those in (ii) represent errors on the part of the scribe of P. Mich. For the 
complete table in P. Mich. 146 and a full listing of alternatiires, see [Robbins 1936, 
52-581. (I have omitted those entries which involve scribal error in P. Akdm.) 
Note that P. Mich. gives only the last part of the sevenths table, the complete tables 
for eights through eighteenths, and then breaks off; but the entries for the earlier 
parts up to and including the sevenths can be reconstructed from entries in the 
extant portion. 





4 30' 90' 
5 30' 45' 
6 15'1 
7 15' 90' 
8 15' 45' 
9 10' 
10 10' 90' 
1 150' 
2 90' 450' 
3 60' 300' 
4 45' 2[25'] 
5 30' 
6 30' [150'1 
7 30' 90' 1450'1 
8 20' 300' 
9 [45' 225'1 
10 
Table V: Values for fractions as listed in P. British Museum 10794; see [Parker 
1972, Nos. 66-67, pp. 72 f., Plate 241. Dating and provenance of the papyrus are 
uncertain [Parker 1972, 21. Bracketed figures follow Parker's restorations. 
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